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Abstrat. In this paper we review the properties of families of numbers of the
form 6n±1, with n integer (in whih there are all prime numbers greater than
3 and other ompound numbers with partiular properties) to later use them
in a new sieve that allows the separation of numbers n that generate primes
from those that only generate ompounds. In priniple, this an be used to
nd the amount of prime numbers up to a given number h; this means, pi (h).
Key words and phrases: Prime numbers, sieve, prime ounting funtion.
1. Introdution
An old problem in mathematis is the way to ompute the amount of prime
numbers less or equal to a given value h [1, p. 347℄. This funtion is known as
pi (h) [3℄. The preeminent method for suh task sine the 3rd entury BC was the
sieve of Eratosthenes, and there were no great advanes on the subjet until the
work of Gauss in 1863 [1, p. 352℄; whih also allowed more advanes [2, 5℄ along
with the growth of alulation power in the 20th entury. Reent implementations
[5℄ require diverse relatively elaborated omputational strategies.
In this paper we will study this problem dening a new sieve whose properties
permit an elementary study of pi (h), and also the possibility of nding its value on
a given interval.
2. About the form 6n+ 1
We begin with a very well known result:
Theorem 2.1. Every prime number of absolute value greater than 3 an be written
in the form 6n+ 1 or 6n− 1.
Proof. Let's see the equivalenes modulo 6. Suppose q prime.
1) If q =
6
0 ⇒q = 6n⇒6 | q, ABS.
2) If q =
6
1 ⇒q = 6n+ 1, whih is not impossible sine 7 = 6 + 1 is a prime.
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n βn = 6n− 1 αn = 6n+ 1
-5 -31 * -29 *
-4 -25 -23*
-3 -19 * -17 *
-2 -13 * -11 *
-1 -7 * -5 *
0 -1 1
1 5 * 7 *
2 11 * 13 *
3 17 * 19 *
4 23 * 25
5 29 * 31 *
Table 1. Values of 6n− 1 and 6n+ 1 for several n. With (*) we
mark prime numbers.
3) If q =
6
2 ⇒q = 6n+ 2 = 2 (3n+ 1)⇒2 | q, ABS.
4) If q =
6
3 ⇒q = 6n+ 3 = 3 (2n+ 1)⇒3 | q, ABS.
5) If q =
6
4 ⇒q = 6n+ 4 = 2 (3n+ 2)⇒2 | q, ABS.
6) If q =
6
5 ⇒q = 6n + 5 = 6n + 6 − 1 = 6 (n+ 1) − 1, whih is not impossible
sine with n = 1 this gives 11, a prime. 
Denition 2.2. The α lass of integer numbers [4℄ is the set
(1) α = {x ∈ Z/x = 6n+ 1, n ∈ Z}
Denition 2.3. The β lass of integer numbers [4℄ is the set
(2) β = {x ∈ Z/x = 6n− 1, n ∈ Z}
The dierent values of relations in (1) and (2) are shown in table 1.
Stritly speaking, a omplete list of all prime numbers of absolute value greater
than 3 ({. . . ,−7,−5, 5, 7, . . .}) is the list of primes from both lasses.
We now state a property given in [4℄ where produt rules are proved as a theorem:
× α β
α α β
β β α
Table 2. Table of produts.
Theorem 2.4. Every prime number of absolute value greater than 3 (exept for
the sign) is generated by 6n+ 1, with n integer.
Proof. We must prove the equivalene (exept for the sign) between both families
given in Theorem 2.1.
Let be fα (n) = 6n+ 1 and fβ (n) = 6n− 1, we mus now prove that fα (−n) =
−fβ (n). Indeed:
fα (−n) = 6 (−n) + 1 = −6n+ 1 = − (6n− 1) = −fβ (n)
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
Denition 2.5. We dene the set of integer numbers Gα:
(3) Gα = {g ∈ Z/6g + 1 is a prime}
This means, Gα is the set of all numbers that (exept for the sign) generate all
primes of absolute value greater than 3 by the relationship (1).
3. The sieve
Denition 3.1. Let A be an innite matrix whose element a (i, j) 1 is
(4) a (i, j) = i+ j (6i+ 1)
where i, j ∈ Z.
Note that numbers on the axis also math this representation.
.
.
.
−96 −71 −46 −21 4 29 54 79 104
−73 −54 −35 −16 3 22 41 60
−50 −37 −24 −11 2 15 28
−27 −20 −13 −6 1 8
· · · −4 −3 −2 −1 0 1 2 3 4 · · ·
19 14 9 4 −1
42 31 20 −2
65 48 −3
88 −4
.
.
.
3.1. Properties.
Theorem 3.2. A is symmetrial.
Proof. A simple expansion shows that
a (i, j) = i + j (6i+ 1) = i+ 6ij + j = j + i (6j + 1) = a (j, i)

Denition 3.3. Let A˜ be the set of unrepeated elements of A exluding the axes
(the elements of the form a (i, 0) y a (0, j)).
3.1.1. About the signs of the elements of A˜. Four quadrants an be seen:
II ↑ I
← →
IV ↓ III
What happens to the signs of the elements of A˜ from eah quadrant?
Beause of Theorem 3.2, we should only fous on the sign of elements of A˜
originally from quadrants I, II, and IV.
• In quadrant I (i ≥ 1, j ≥ 1) all elements are positive
• In quadrant II (i ≤ −1, j ≥ 1)
It's easy to see that j (6i+ 1) ≤ 0, then a˜ (i, j) ≤ 0 ∀i, j.
• In quadrant IV (i ≤ −1, j ≤ 1)
i+ j (6i+ 1) = i+ j + 6ij. (i+ j) ≤ −1 y ij ≥ |i+ j| ≥ 1. Then, the sign
is positive.
1
Coordinates are in the Cartesian sense.
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Theorem 3.4. The elements of A˜ DO NOT generate prime numbers.
Proof. a˜ (i, j) = i+j (6i+ 1) with i 6= 0 y j 6= 0. If we put this into (1) and suppose
p prime, then
p = 6a˜ (i, j)+1 = 6 (i+ j (6i+ 1))+1 = 6i+6j (6i+ 1)+1 = (6i+ 1)+6j (6i+ 1) = (6i+ 1) (6j + 1)
but sine i and j are dierent from zero, then p would be a ompound, ABS. 
Remark 3.5. Aording to the signs of i and j, 6a˜ (i, j) + 1 sweeps (exept for the
sign) all possibilities:
(1) If i > 0 y j > 0, the generated number is of the form α · α.
(2) If i < 0 y j < 0, the generated number is of the form β · β.
(3) If i y j have opposite signs, the generated number is of the form α · β.
See Table 2 for properties of produts of α's and β's.
4. Leopoldo's Theorem
Theorem 4.1. (Leopoldo's Theorem) Gα = Z− A˜
Proof. Every prime number of absolute value greater than 3 is either α or β, and
produts between those lasses of equivalene are losed on themselves. Beause
of Theorem 3.4 and Remark 3.5, we know that A˜ generates all possible α and β
ompound numbers, and so the elements n of Z /∈ A˜ generate prime numbers by
6n+ 1. 
5. Conlusions
Numbers in A˜ are easy to generate. However, this values are repeated. If an
ordering of its elements is possible, then omparing them with Z will give a list of
the values in Gα. The existene of the A˜-like elements has been known for a long
time [1, p. 356℄, but have been onsidered impratial to nd primes. In this sieve
representation, the number of primes between two given values h1 = 6c1 − 1 and
h2 = 6c2 + 1 where c1 and c2 and both are greater than zero, would be
(5) pi (h2)− pi (h1) = 2 (c2 − c1)− Λ (c1, c2) + ξ
where Λ (c1, c2) would be a proedure that would ount all non repeated values of
A˜ and ξ is a tting fator. A way of doing this will be the subjet of a future paper.
Given the value of pi (h1), pi (h2) would be omputable with (5).
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